A promising method to leverage near-field power densities without the use of nanoscale vacuum gaps is through hyperbolic metamaterial (HMM) waveguides. When placed between a hot and cold reservoir, an ideal HMM can transmit surface waves across several microns, enabling an extension of near-field enhancements. However, when accounting for transmission loss due to realistic levels of absorption within the waveguide, previous studies have shown that the enhancements are significantly curtailed at wide separations. In our study, we investigate the role of internal sources within realistic non-isothermal HMMs. We demonstrate that, in some cases, the emission from the HMM accounts for over 90% of the total heat transfer to the receiver, and that these additional sources can largely compensate for optical losses associated with decreased transmission from the emitter to the receiver. Lastly, we investigate the spectral transport in a realistic 3-body system which has mismatching optical properties between the boundaries (emitter and receiver) and the waveguide (HMM). Our model shows that the near-field thermal transport remains spectrally selective to the boundaries, even as major radiative contributions come from the waveguide. This work may enable the design of non-isothermal emitter-waveguide-receiver systems that transmit near-field power levels over wider separations.
transport in this system reveals that selective near-field transport imposed by the boundary is maintained, even when the emissive contributions from the graphene-based waveguide are the same order of magnitude as the boundary.
The more complete picture of radiative transport, presented here, suggests that near-field thermal extraction is not as heavily constrained by optical losses or mismatched optical properties as previously understood. Our final system represents a 3-body system in a multi-layer geometry inspired by tunable plasmonic materials, such as graphene. With our heat transfer model, we expect that one could develop an optimized 3-body system, exhibiting near-field thermal radiation that exceeds contributions from thermal conduction, which is advantageous for several technologies, including thermophotovoltaics (TPVs). In general, the principles developed in our study can be used to understand radiative transport in broader 3-body systems, which is increasingly important for near-field thermal switches [24] , transistors [25] , sensors [9] , and energy converters [26, 27] .
II. EMISSIVE CONTRIBUTIONS FROM A NON-ISOTHERMAL HMM WAVEGUIDE
Here, we revisit near-field thermal extraction in a 3-body system that was first considered by Messina, et al [17] . The system includes a SiC emitter (1) and receiver (3) , mediated by a HMM waveguide (2) of thickness (see Fig. 1a ). To be consistent with the hypothetical configuration presented in Ref. [17] , the HMM is separated from the SiC boundaries by a vacuum gap of thickness = 100 on either side of the HMM. The optical properties of SiC are modeled using a Drude-Lorentz approach. The waveguide is modeled as a type-I HMM with the following constant optical properties: ∥ = 5 + " and ⊥ = −1 + ". The imaginary permittivity " is treated as a variable parameter to assess the effects of loss from optical absorption.
In our model, the total near-field transport includes emissive contributions from the emitter 1→3 and contributions from the HMM waveguide 2→3 ,
In previous iterations, the temperature of the HMM waveguide was assumed to be equal to the receiver, and therefore the net radiative transport between the HMM waveguide and the receiver was not considered ( 2→3 = 0) [17] . In our model, we account for the emissive contributions from the HMM waveguide by applying a linear temperature gradient across the gap. We apply a 
where ω is the frequency, 1,2, 3 is the temperature of each component, θ is the photon energy distribution, and is the flux spectrum. The photon energy distribution component is the product of the photon energy ħω and the Bose-Einstein distribution [28] ,
where ħ is Plank's constant and kB is Boltzmann's constant.
An analytical expression for the flux spectrum can be obtained by utilizing the dyadic Green's function to calculate the electromagnetic flux from thermally driven current fluctuations [1, 29, 30] . In a multilayer geometry, this analytical expression can be solved in conjunction with a scattering matrix method to account for each layer's optical properties, thicknesses, etc. We use the Multilayer Electromagnetic Solver for Heat Transfer (MESH) simulation package [31] to implement this calculation and model the energy transmission probability ξ which is related to the flux spectrum through integration over all in-plane wavevectors k‖.
The energy transmission probability ξ represents the likelihood of an excited photon being transmitted to the receiver. It can be used to determine mode-specific transmission pathways, such as the excitation of SPPs on graphene or SPhPs on SiC. Using MESH, we modeled the energy transmission probability of the 3-body system ( Fig. 1b ) and verified that it matched the analytical expression in reference [17] .
In MESH, we discretize the HMM waveguide into 10-nm increments and sum the resulting heat fluxes to the receiver to get a higher resolution heat flux from the waveguide. For consistency, we report our results as a heat transfer coefficient at 300 K, determined by
(5)
Here, we set the average temperature of the system to 300 K, such that 1 and 3 are equally offset from = 300 . To determine a near-field enhancement, we normalize this value by the blackbody heat transfer coefficient .
With this model, we investigate the role of emissive contributions from the waveguide by comparing the near-field enhancement in two systems: one that has an isothermal HMM waveguide and one that has a non-isothermal HMM waveguide (see Fig. 1c -1e). We vary the magnitude of the imaginary permittivity " of the HMM waveguide to investigate how loss can affect the near-field enhancement. For the system with small losses ( " = 10 −5 , Fig. 1c ), the near-field enhancement for the isothermal and non-isothermal systems are indistinguishable. In this state, neither losses due to waveguide absorption, nor contributions from thermal emission in the waveguide, have an observable effect on the near-field enhancement. As the imaginary permittivity increases to " = 10 −3 (Fig. 1d ), however, there is a noticeable separation in nearfield enhancement between the isothermal and non-isothermal system. For the isothermal system (solid, black line), a higher magnitude of emission from the emitter is absorbed by the waveguide, preventing full transmission to the receiver. When emissive contributions from the non-isothermal HMM waveguide are included (dashed, blue line), the near-field enhancement nearly recovers to its original magnitude (see Fig. 1c ). The difference between the two cases is most apparent for the system with an imaginary permittivity of " = 10 −1 (Fig. 1e ). At a waveguide thickness of 1 μm, the emissive contributions from the waveguide account for over 45% of the heat transport to the receiver.
In summary, the emissive contributions from the non-isothermal HMM waveguide are nonnegligible and compensate for ohmic transmission losses from the emitter to the receiver. This finding suggests that larger near-field enhancements can be extended to longer separation distances, which is important when considering heat transfer mediated by realistic, lossy materials.
III. NEAR-FIELD ENHANCMENT IN A REALISTIC 3-BODY SYSTEM
In this section, we investigate the near-field enhancement in a continuous 3-body system to represent a realistic heterogenous structure that does not include nanoscale vacuum gaps. Here, we keep the boundaries as SiC, but replace the hypothetical HMM waveguide with a graphenebased HMM (see Fig. 2a ). Graphene has emerged as a leading candidate material for HMM fabrication because it can be chemically or electronically doped to support SPPs in the midinfrared [23, [32] [33] [34] , enabling large thermal fluxes. Additionally, graphene's weak out-of-plane van der Waals (vdW) bonds can lead to high interfacial thermal resistance to phonon-mediated conduction [35, 36] , which can be beneficial in radiative applications [37] . Our graphene HMM is based on a demonstration of alternating graphene-dielectric heterostructure with a periodicity of = 10 [23] . Here, we label graphene as the active layer. The optical properties of graphene are taken from a semi-empirical model fit to ellipsometry measurements of chemically doped graphene (see APPENDIX A). We treat the dielectric as a weakly absorbing layer that has a constant permittivity of = 10 + 0.01 . This is representative of many semiconductors, e.g., Si
and Ge, in their infrared transmission window. We label the dielectric layers as passive because their contributions to near-field emission are small in comparison to the graphene layers.
In general, near-field heat transport in a 3-body system can be optimized if the active layer in the HMM waveguide supports the same surface polaritons as the boundaries. As theoretically This transport mechanism results in a multibody effect, maximizing near-field transport over the frequency range corresponding to the surface polariton [38] . However, in our system, the boundaries and the waveguide have mismatched optical properties and, therefore, mismatched near-field emission and absorption spectra. This represents a practical implementation of the hypothetical system studied in Section II and Ref. [17] .
There is an overlapping frequency range where the real part of the effective, in-plane permittivity of the HMM and the SiC boundaries are both negative due to the excitation of their respective polaritons (see Fig. 2b ). This leads to a hybrid polariton coupling mechanism as shown in energy transmission probability across 3 different structures (see Fig. 3a The near-field transport between two SiC boundaries separated by a vacuum gap is dominated by the coupling of two SPhPs, as evidenced by a near-unity band in the transmission probability (see Fig. 3a ) over the corresponding phonon frequency range. A much broader, near-unity transmission probability is observed for the graphene-dielectric HMM (see Fig. 3b ), extending to very large inplane wavevectors. The multiband transmission probability, previously discussed as the multibody effect, arises from the coupling of symmetric and antisymmetric SPPs across the many graphene interfaces in the HMM (see APPENDIX B) [39, 40] .
In our 3-body material system (Fig. 3c) , the transmission probability is shaped by both the boundaries and the waveguide. We observe that the transport is selective to the SPhP frequency range from the SiC boundaries. Yet, in this range, the transmission probability resembles the multiband phenomena present due to SPP coupling in the HMM waveguide. This effect reveals the versatility of having a 3-body system consisting of boundaries and a waveguide with mismatched optical properties. Specifically, the boundaries can be utilized to set the selective frequency range over which transport occurs, while the waveguide can act as a spectrally selective filter to block or transmit the boundaries' surface polaritons based on the hyperbolic band ( < 0) of the HMM waveguide. This mechanism may be useful in near-field TPVs, which suffer from parasitic absorption of low energy, below-bandgap surface phonons [41] .
We use the formalism described in Section II to simulate the near-field enhancement at 300K for the 3-body system (see Fig. 4 ). However, for this system, we do not need to discretize the HMM waveguide because we do not treat it as a bulk, effective medium. Instead, we determine the energy transmission probability from each individual graphene and dielectric layer in the HMM to the receiver. Figure 4 shows the near-field enhancement ( ) as a function of waveguide thickness for the continuous 3-body system consisting of a graphene-dielectric HMM sandwiched between a
SiC emitter and receiver. The emissive contributions from the HMM waveguide are larger than the contributions from the SiC boundaries. For HMM thicknesses greater than 100 nm, the emissive contributions from the HMM account for over 90% of the total transport. This is interesting considering that the emission spectrum is characteristic of the SPhP frequency range for SiC.
Furthermore, the heat transfer dependence on separation distance of this system is atypical.
The emissive contributions from the HMM waveguide peak at a thickness of = 80 , leading to a non-monotonic trend in the total near-field enhancement. This peak is likely due to the existence of two competing mechanisms. As the waveguide thickness increases, more graphene sheets are introduced into the system, and the number of symmetric and antisymmetric SPP modes contributing to the near-field enhancement increases (see APPENDIX B). Or, put simply, as the dominant source of emission (the HMM) increases in size, so do the contributions coming from it.
Further, as the number of graphene sheets in the system increase, the waveguide becomes increasingly lossy, and near-field contributions from HMM periods closer to the emitter are absorbed before reaching the receiver.
We should also note the magnitude of the near-field enhancement for this system is much larger than for the system in Section II because the nanoscale vacuum gaps were removed to mimic a realistic continuous structure. Although potentially easier to fabricate, this continuous configuration would come at the cost of competing against phonon-mediated thermal conduction in the system. The near-field thermal radiation in the system can be approximately compared to thermal conduction by calculating an effective radiative conductivity, which is done by multiplying the heat transfer coefficient by the waveguide thickness ( = ). For this system, the radiative conductivity approaches = 0.5 • 10 −3 . This value is comparable to phononmediated thermal conductivity in ultra-insulating vdW heterostructures [36, 42] . Recent studies suggest vdW heterostructures can have thermal conductivities as low as 7 • 10 −3 due to high interfacial thermal resistances and mismatches in the phonon density of states between stacked layers [42] . With these results, we expect that one could develop an optimized 3-body system that allows for higher magnitudes of near-field thermal radiation than thermal conduction.
IV. CONCLUSION
Our model demonstrates that sources within a HMM waveguide can significantly increase the total near-field enhancement in a 3-body system. For our realistic, continuous 3-body system (SiC-HMM-SiC), over 90% of the total emissive contributions to transport originate from the graphene-based HMM. Additionally, we show that the spectral transport of the system is selective to the frequency range over which the surface polariton from the boundaries (emitter and receiver) exist, even though the HMM waveguide is a major/dominant source of thermal emission. These results highlight the fact that either the boundaries or the waveguide can be engineered to selectively transmit radiation by changing either the surface polariton at the boundary or changing the spectral range for which the HMM has a hyperbolic dispersion. Our work provides a more complete description of near-field thermal radiation in 3-body systems that one could use to design a spectrally selective 3-body system, in which thermal radiation competes with thermal conduction.
The system geometry, layer thickness, and frequency-dependent permittivity of each material are provided as inputs to MESH. The permittivity of graphene is approximated as
where 0 is the permittivity of free space, is the thickness of graphene (≈ 3 Å), and is the optical conductivity of 2D graphene, which is well described by [23] 
, is the relaxation time chosen to be 10 -13 s, and is the chemical potential. In our study, we set = 0.3 , which can be realistically achieved via electronic or chemical doping methods. By doping graphene, the imaginary part of the optical conductivity becomes greater than the real part in the infrared (see Fig. A.1) , which in turn makes < 0, the condition for SPP propagation. At high frequencies ℏ > 2 , the doped graphene becomes lossy due to interband transitions. 
APPENDIX B: SYMMETRIC AND ANTISYMMETRIC SPP COUPILING
If the spacing between two adjacent graphene sheets (see Fig. B.1a) is small, excited surface plasmons polaritons (SPPs) at one interface will couple to SPPs at the other interface. In this process, the fundamental plasmonic mode splits into a symmetric and an antisymmetric mode.
The coupled SPPs dispersion for this effect can be calculated by the following set of equations:
Here, ⊥ is the cross-plane wavevector in the surrounding dielectric medium, is the relative permittivity of the dielectric medium, is the optical conductivity of graphene, and 0 is the permittivity of vacuum. The cross-plane wavevector is related to the in-plane wavevector by,
Using this formalism, we verified that the energy transmission probability between two graphene sheets separated by a dielectric medium (see Fig. B .1a) calculated by MESH matches the dispersion predicted by the analytical solution (see Fig. B.1b) . In a HMM composed of graphene sheets, the coupled SPPs will be represented by total modes. This is observed in Fig. 3b in the main text for a HMM containing 10 graphene sheets.
For the 3-body system studied in Section III, the transmission probability will change based on the number of graphene sheets that are present in the HMM waveguide. In Fig. B.2 , we demonstrate this effect by simulating the transmission probability for a range of waveguide thickness from = 30 to = 110 . Because the periodicity remains constant at = 10 , the number of graphene sheets in the HMM corresponds to
Here, we subtract 10 from the waveguide thickness because we add an extra dielectric spacer layer to the end of HMM for symmetry. From Fig. B.2 , we observe that the number of coupled SPP modes captured in the system increases with number of graphene sheets. This has previously been referred to as a multibody effect. 
